In this paper the representation of Aκ(2) algebra given by Daoud and Kibler [M.Daoud and M.Kibler , J.Phys.A43 115303 (2010) , 45 244036 (2012) ] is investigated. It is shown that the new generators are necessary for consistency of the algebra. The multi-mode extension of Aκ(2) algebra , which is called Aκ(d) algebra, is also obtained. The positivity condition of the energy spectrum is also investigated for Aκ(2) algebra and Aκ(d) algebra.
II. REPRESENTATION OF Aκ(2) ALGEBRA
In this section, we will find the representation of A κ (2) algebra. To do so, let us introduce the eigenvector of two number operators as follows : N 1 |n 1 , n 2 >= (n 1 + ν)|n 1 , n 2 >, N 2 |n 1 , n 2 >= (n 2 + ν)|n 1 , n 2 >, n 1 , n 2 = 0, 1, 2, · · · ,
where N 1 , N 2 are hermitian and the ground state |0, 0 > obeying a 1 |0, 0 >= a 2 |0, 0 >= 0
From the algebra (3), we have following representation a 1 |n 1 , n 2 >= f 1 (n 1 , n 2 )|n 1 − 1, n 2 >, a † 1 |n 1 , n 2 >= f 1 (n 1 + 1, n 2 )|n 1 + 1,
Inserting the eq.(6) into the first relation of the eq.(3), we have
Solving the recurrence relation (7), we have
where g 1 (n 2 ), g 2 (n 1 ) are arbitrary functions.
To factorize the right hand sides of the eq.(8), we choose
Then we have the following representation :
and the operator relation is given by
Because |0, 0 > is annihilated by a 1 , a 2 , we have
For the representation (10), we can easily check that
From the fact that
we should impose the following relation :
where the new operator X 21 and X 12 are defined as
and X 21 = X † 12 . The new generators X 21 and X 12 also satisfy the following commutation relation:
Acting the eq. (15) on the eigenvector of the number operators, we obtain the matrix representation of X 21 and X 12 as follows :
It can be easily checked that the relation (14) obey the following :
Now let us consider the deformed harmonic potential problem. If we define the deformed harmonic Hamiltonian H as
we have
Acting the hamiltonian on the number eigenvectors , we have
where
The energy eigenvalue E n1,n2 depends on the value of n 1 + n 2 . The ground state |0, 0 > is non-degenerate, but all the excited states are degenerate and the degeneracy is 2 H n = n+1 C n . If we set n 1 + n 2 = n, the energy eigenvalue is defined as
where n ≥ 0. Now let us discuss the positivity condition of the energy eigenvalue. Because the energy of the harmonic Hamiltonian is positive in an ordinary quantum mechanics. Thus we should demand the positivity of the energy spectrum for the deformed harmonic Hamiltonian. This problem depends on the sign of κ.
Case I : κ < 0 In this case, the positivity of the energy is not guaranteed for all n.
Case II : κ = 0
In this case, the positivity of the energy is guaranteed for all n.
Case III : κ > 0
In this case , the positivity of the energy is guaranteed for all n only when κ ≥ 12 − 8 √ 2 .
III. REPRESENTATION OF Aκ(d) ALGEBRA
In this section we will extend the result of section II to the multi-mode case. We will set the number of modes to d. Then the algebra has d degrees of freedom and we will denote this algebra by
where κ is real and i, j ∈ {1, 2, · · · , d}. Let us introduce the eigenvector of number operators as follows :
where N i are hermitian and the ground state | 0 > obeying
and | n > denotes |n 1 , n 2 , · · · , n d > and | 0 > denotes |0, 0, · · · , 0 >. From the algebra (24), we have following representation
where | n − n i e i > and | n + n i e i > is defined as follows :
Now let us discuss the positivity condition of the energy eigenvalue. Because the energy of the harmonic Hamiltonian is positive in an ordinary quantum mechanics. Thus we should demand the positivity of the energy spectrum for the deformed harmonic Hamiltonian. This problem depends on the sign of κ.
In this case , the positivity of the energy is guaranteed for all n only when κ ≥ 2d(d+1)−4d
Conclusion
In this paper we discussed the representation of A κ (2) algebra given by Daoud and Kibler [5, 6, 7] . We found that the new generators are necessary for consistency of the algebra. We extended A κ (2) algebra to the multi-mode case , which is called A κ (d) algebra. We also found the positivity condition of the energy spectrum for the deformed harmonic Hamiltonian for A κ (2) algebra and A κ (d) algebra.
